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Theorem 11. $D= \{s|\frac{1}{2}<{\rm Re}(s)<1\}$















( )” Dirichlet $L$- ([Ba] [Go]
) Dedekind $([{\rm Re}])_{\text{ }}$ Hecke L ([Mil] [Mi2])
Lerch ([LM2] ) $\text{ }$ $SL(2, \mathbb{Z})$ $\mathrm{I}\mathrm{J}$ Hecke eigen cusp form
$L$ ([LM1]) L
( [La] [KV] )
$t$




$\mathrm{m}\mathrm{o}\mathrm{d} q$ Dirichlet $\chi$ $q$-aspect
$t$-aspect aspect $\mathrm{G}\mathrm{L}(2)$ $L$
$k$ , $N$ , $\lambda$ 3 aspect
Universality Theorem
Section 2 Section 3
2.
Hecke eigen cusp forms $L$ 2
aspect
$k$ $N$ $\Gamma_{0}(N)$ $k$
newform $f$ $([\mathrm{A}\mathrm{L}])_{\text{ }}$ cusp form $f$
$f(z)= \sum_{n=1}^{\infty}a_{f}(n)e^{2\pi 1nx}$
.
( $f$ newform $a_{f}(1)\neq 0$
) $f$ $a_{f}(1)=1$ Hecke $T_{n}$
$T_{n}f=\overline{\lambda_{f}}(n)f$ $\lambda_{f}(n):=\overline{\lambda_{f}}(n)/n^{\frac{k-1}{2}}$ Ramanujan
$\lambda_{f}(p)\in\Omega=[-2,2]$ ($p$ ) $f$ $L$
$L(s, f)= \sum_{n=1}^{\infty}\frac{\lambda_{f}(n)}{n^{\epsilon}}=\prod_{p}(1-\frac{\lambda_{f}(p)}{p^{\epsilon}}+\frac{\chi_{0}(p)}{p^{2\epsilon}})^{-1}$ , ${\rm Re}(s)>1$
$\chi 0$ Dirichlet $\mathrm{m}\mathrm{o}\mathrm{d} N$
$L(s, f)$
2 L
(I) $\mathcal{L}_{k}=\{L(s, f)|f\in F_{k}\}$, as $karrow\otimes_{\text{ }}$ $F_{k}$ $\Gamma=SL(2, \mathbb{Z})$
$k$ Hecke eigen cusp forms o
(II) $\mathcal{L}_{N}=\{L(s, f)|f\in F_{N}\}$ , asN\rightarrow \otimes $\mathcal{F}_{N}$ $\Gamma=\Gamma_{0}(N)$
$k$ ( ) newform
2 aspect
Theorem 2.1. $D= \{s|\frac{1}{2}<{\rm Re}(s)<1\}$
$K$ $K$ $K$ $K$ $h(s)$
$\epsilon>0$
(1) $\lim_{karrow}\inf_{\infty}\frac{1}{\#\mathcal{F}_{k}}\#\{f\in \mathcal{F}_{k}|\max_{\epsilon\in K}|L(s, f)-h(s)|<\epsilon\}>0$ ,
(2) $\lim\inf\#\{f\underline{1}\in F_{N}|\max_{\epsilon\in K}|L(s, f)-h(s)|<\epsilon\}>0$
$Narrow\infty\# F_{N}$
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Corollary 2.1. ( ) $D$ $s_{0}$ L4
$s_{0}$ $\{L(s_{0}, f)|f\in \mathcal{F}_{k}\},$ $\{L(s_{0}, f)|f\in F_{N}\}\subset \mathbb{C}$ $karrow$
$\infty,Narrow\infty$ $\mathbb{C}$
Corollary 22. (Non-vanishing) $D$ $K$
$K$ $L(s, f)\neq 0$ $f\in \mathcal{F}_{k}$ $f\in \mathcal{F}_{N}$ $k$ $N$
$k,$ $Narrow\infty$
cusp forms $\lambda_{j}(j=$
$1,2,$ $\cdots)$ $L$- Universality
Theorem $\text{ }$
$\Gamma=SL(2, \mathbb{Z})$ $\Gamma\backslash \mathbb{H}^{2}$ L2-
$\triangle$ Hecke $T_{n}(n=1,2, \cdots)$
$\{\begin{array}{l}\triangle\varphi(z)=-y^{2}(_{\partial\vec{x}}\partial^{22}+\frac{\partial}{\partial y}\tau)\varphi(z)T_{n}\varphi(z)=\frac{1}{\sqrt{n}}\sum_{b\mathrm{m}\mathrm{o}\mathrm{d}d}ad=n\varphi(\frac{az+b}{d})\end{array}$
$L^{2}(\Gamma\backslash \mathbb{H}^{2})$
( ) $\mathrm{C}_{\Gamma}=\{\varphi_{j}\}_{j=1}^{\infty}$ (Maass-Hecke
eigenforms) .$\cdot$
$\{$
$\triangle\varphi_{j}(z)=\lambda_{j}\varphi_{j}(z)$ , $\lambda_{1}\leq\lambda_{2}\leq\lambda_{3}\cdots$ ,
$T_{n}\varphi_{j}(z)=\lambda_{j}(n)\varphi_{j}(z)$ .
$\varphi_{j}(z)$ $L$ $L(s, \varphi_{j})$
.$\cdot$
$L(s, \varphi_{j})=\sum_{n=1}^{\infty}\lambda_{j}(n)n^{-s}=\prod_{p}(1-\lambda_{j}(p)p^{-s}+p^{-2s})^{-1}$ , ${\rm Re}(s)>1$ .
3 L-
(III) $\mathcal{L}_{\lambda}=$ { $L(s,$ $\varphi_{j})|\lambda_{j}\leq\lambda$ $\varphi_{j}(z)\in \mathrm{C}_{\Gamma}$ }
Theorem 22. $D= \{s\in \mathbb{C}|\frac{1}{2}<{\rm Re}(s)<1\}$




Corollary 23. ( ) $D$ L-
$s_{0}$ $\{L(\ovalbox{\tt\small REJECT}, \varphi_{\ovalbox{\tt\small REJECT}})|\varphi_{\ovalbox{\tt\small REJECT}}(z)\in \mathrm{C},\}c\mathbb{C}$
$\mathbb{C}$
Corollary 2.4. (Non-Vanishing) $D$ $K$
$K$ $L(s, \varphi_{j})\neq 0$ $\varphi_{j}(z)\in \mathrm{C}_{\Gamma}$ $\mathrm{C}_{\Gamma}$
3. HECKE
Section Theorem 2.1 Theorem 2.2
[Go] [La] [KV]
Hecke $q>1$
$n_{q}=q^{\frac{1}{2}}+q^{-\frac{1}{2}}(>2)$ $\Omega=[-n_{q}, n_{q}]$ $m_{q}$
$dm_{q}(x)=\{$
$\overline{n}-4_{q}^{+}=^{1}x\frac{1}{\pi}\sqrt{1-\frac{x^{2}}{4}}dx$ if $|x|<2$ ,
0otherwise
$X_{n}(x),$ $n\in \mathrm{N}_{0}=\{0,1,2, \cdots\}$ 2 Chebychev
$X_{n}(x)= \frac{\sin((n+1)\theta)}{\sin\theta}$ when $x=2\cos\theta(0\leq\theta\leq\pi)$
$(X_{0}=1, X_{1}=x,X_{2}=x^{2}-1,X_{3}=x^{3}-2x, \cdots)$ $X_{n,q}(x),$ $n\in \mathrm{N}_{0}$
(3) $X_{n,q}(x):=X_{n}(x)-q^{-1}X_{n-2}(x)$
(where we set $X_{n}(x):=0$ for $n<0$) $\text{ }$
(4) $\int_{\Omega}X_{n,q}(x)dm_{q}(x)=\{\begin{array}{l}1(n=0)0(n>0)\end{array}$
$(\Omega:=[-2,2])$ $\{X_{n}(x)|n\in \mathrm{N}_{0}\}$ $\Omega$ $m_{q}$
Hecke
$\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ formula $\{T_{p}\}$ [CDF] k-aspect,
[Se] $k,$ $N- \mathrm{a}s\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}_{\text{ }}$ [Sa] $\lambda$-aspect
Theorem 3.1. $\{p_{1},p_{2}, \cdots,p\ell\}$ \ell $X= \prod_{i=1}^{\ell}\Omega_{p_{\mathrm{t}}}$
$m$ $dm( \vec{x})=\prod_{i=1}^{\ell}dm_{p}.\cdot(x:),\vec{x}=(x_{1}, x_{2}, \cdots, x_{\ell})\in X$
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$X$ g(\rightarrow
(5) $\lim_{karrow\infty}\frac{1}{\# F_{k}}\sum_{f\in F_{k}}g(\lambda_{f})=arrow\int_{X}g(\vec{x})dm(\vec{x})$ ,
$\lambda_{f}^{arrow}:=(\lambda_{f}(p_{1}), \lambda_{f}(p_{2}),$
$\cdots,$
$\lambda_{f}(p\ell)),$ $f\in F_{k}$ ,
(6) $\lim_{Narrow\infty}\frac{1}{\#\mathcal{F}_{N}}\sum_{f\in F_{N}}g(\lambda_{f})=arrow\int_{X}g(\vec{x})dm(\vec{x})$ ,
$\lambda_{f}^{arrow}:=(\lambda_{f}(p_{1}), \lambda_{f}(p_{2}),$
$\cdots,$







$\sigma_{1}\pm iA,$ $\sigma_{2}\pm iA,$ $( \frac{1}{2}<\sigma_{1}<\sigma_{2}<1)$ $U$
$c$ $U$ $K$ ( $c$












Riesz Separation Theorem (Hahn-Banaha The-
orem 1 ) Lemma
Lemma 41. $\{x_{m}\}_{m=1}^{\infty}$ $H$ :
(9) $\sum_{m=1}^{\infty}|(x_{m}, x)|=\infty$ , for any $x(\neq 0)\in H$
199
$((, )$ $H$ ) $\text{ }$ $n$




$(g_{1}(s), g_{2}(s))={\rm Re} \int_{U}g_{1}(s)\overline{g_{2}(s)}d\sigma dt$ , $g_{1},g_{2}\in L^{2}(U)$
$\text{ }$ Lemma 4.1 $x_{m}$
$f_{p_{m}}(s)= \frac{1}{p_{m}^{s}}$
Pmley-Wiener [Lu, Theorem 6 14] ( Bernstein
) (9)
Lemma 4.1 $f_{p_{m}}(s)$
Mergelyan (Weierstrass ) Lemma 4.2
Proposition 4.1
Lemma 4.2. $K(\subset \mathbb{C})$ $U$ $f(s)$ $U$
$\int_{U}|f(s)|d\sigma dt\leq\epsilon$ $\max_{\epsilon\in K}|f(s)|\leq c\epsilon$ .




Proposition 5.1. $2\leq\rho\leq\nu$ $p\leq\rho$ $p$ $\theta_{p}\in(-2,2)$
$d=d(\rho)$
(10) $|\lambda_{f}(p)-\theta_{p}|\leq d$ , for all $p\leq\rho$
$f\in F_{k}$ $D=D(\rho, d, k)$ $B= \prod_{1=1}^{\pi(\rho)}.[\theta_{p}-d, \theta+d]\subset\Omega^{\pi(\rho)}$
(11) $\sum_{f\in D}\int_{U}|\log L_{\rho}(s, f)-\log L_{\nu}(s, f)|d\sigma dt<<\mathcal{F}_{k}\cdot\int_{B}dm(\vec{x})\cdot\rho^{\frac{1}{2}-\sigma_{1}}$ .
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Proposition 5.1
(12) $\log L_{\rho}(s, f)-\log L_{\nu}(s, f)=\sum_{\rho<p\leq\nu}\frac{\lambda_{f}(p)}{p^{s}}+\sum_{\rho<p\leq\nu}\sum_{m=2}^{\infty}\frac{\alpha_{f}(p)^{m}+\overline{\alpha_{f}(p)}}{mp^{ms}}$
( $\lambda_{f}(p)=\alpha_{f}(p)+\overline{\alpha_{f}(p)}$ ) $\text{ }$ $S_{1}(s, f)$ , $S_{2}(s, f)$
$\sum_{f\in D}|S_{1}(s, f)|$ $f\in \mathcal{F}_{k}$ $\omega f=1/<f,$ $f>$
( $<,$ $>$ Petersson )
(13) $\sum_{f\in D}|S_{1}(s, f)|\leq(\sum_{f\in D}\omega_{f}^{-1})\frac{1}{2}(\sum_{f\in D}\omega_{f}|S_{1}(s, f)|^{2})\frac{1}{2}$ .
$\xi_{i}(x_{i}),$ $x_{i}\in\Omega$ $x_{i}\in[\theta(p_{i})-d, \theta(p_{i})+d]$ \mbox{\boldmath $\xi$}i(xi)=l 0
$x_{i}\not\in$ [$\theta(p_{i})-d-\epsilon_{1}$ , \mbox{\boldmath $\theta$}(p $d+\epsilon_{1}$ ] ( $\epsilon_{1}$ )
$\xi_{i}(x_{i})=0$ $\xi(\vec{x})=\prod_{i=1}^{\ell}\xi:(x_{i}),\vec{x}=(x_{1}, \cdots, x\ell)\in\Omega^{\ell}$
$(\ell:=\pi(\rho))_{\text{ }}\ell$- $X_{\vec{n},\vec{p}}( \vec{x}):=\prod_{i=1}^{\ell}X_{n,p}\dot{.}(:x_{i}),\vec{n}=(n_{1}, \cdots, n_{\ell})$,






$\epsilon_{1}^{l}$ $\epsilon_{1}arrow 0$ $\epsilon_{1}’arrow 0$
$\xi_{f}:=\xi(\lambda_{f})arrow,$ $arrow\lambda_{f}=(\lambda_{f}(p_{1}), \cdots, \lambda_{f}(p\ell))$
(16) $0\leq\xi_{f}^{4}\leq\xi_{f}^{2}\leq\xi_{f}$ , $f\in F_{k}$ ,




(18) $| \xi_{f}-\sum_{0\leq n_{1},\cdots,n\ell\leq r}c(\vec{n})X_{\vec{n},\vec{p}}(^{arrow}\lambda_{f})|<\epsilon_{2}$
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$r$ (16) (17) (18)
$\sum_{f\in D}\omega_{f}|S_{1}(s, f)|^{2}\leq\sum_{f\in F_{k}}\omega_{f}\xi_{f}^{2}|S_{1}(s, f)|^{2}$
(19) $\leq 2$ f\Sigma \in F $\omega_{f}|_{0\leq n_{1},\cdots,n\ell\leq r}\sum c(\vec{n})X_{\vec{n},\vec{p}}(^{arrow}\lambda_{f})|^{2}|S_{1}(s, f)|^{2}$
(20)




Lemma 5.1. $k>2$ $b_{n}$
$\frac{(k-2)!}{(4\pi)^{k-1}}\sum_{f\in F_{k}}\omega_{f}|\sum_{n\leq x}b_{n}\lambda_{f}(n)|^{2}=(1+O(x))\sum_{n\leq x}|b_{n}|^{2}$,





(21) =f\Sigma \in F $\omega_{f}|\sum_{\rho<p\leq\nu}(.\sum_{n_{1}=0}^{r}c(n_{1})X_{n_{1\mathrm{P}1}}(\lambda_{f}(p_{1})))\frac{\lambda_{f}(p)}{p^{\epsilon}}|^{2}$
(3)
$\sum_{n_{1}=0}^{r}c(n_{1})X_{n_{1},p1}(\lambda_{f}(p_{1}))=\sum_{n_{1}=0}^{r}b(n_{1})X_{n_{1}}(\lambda_{f}(p_{1}))=:\xi_{f,r}$











$\frac{1}{\#\mathcal{F}_{k}}\sum_{f\in F_{k}}\xi_{f,r}=\sum_{n_{1}=0}^{r}\frac{c(n_{1})}{\# F_{k}}\sum_{f\in F_{k}}X_{n_{1,}p_{1}}(\lambda_{f}(p_{1}))$
Theorem 31($g(\vec{x})$ $X_{\vec{n},\vec{p}}(\vec{x})$ ) (4)
$\lim_{rarrow\infty}\sum_{f\in F_{k}}\xi_{f,r}\ll\# F_{k}\cdot c(\vec{0})$
, $(karrow\infty)$
( $\xi(\vec{x})$ $\sum_{n_{1}=0}^{\infty}c(n_{1})$ )
[HLG] $\omega_{f}$ $\sum_{f\in D}1\ll\#\mathcal{F}_{k}\int_{B}dm(\vec{x})$ (by Theorem 3.1)
( $\epsilon_{1},$ $\epsilon_{2}$ )
$\sum_{f\in D}|S_{1}(s, f)|\ll\# F_{k}\cdot\int_{B}dm(\vec{x})\cdot\rho^{\frac{1}{2}-\sigma_{1}}$
$\sum_{f\in D}|S_{2}(s, f)|$ Proposition 5.1
Proposition Theorem 3.1 Lemma 42 $\text{ }$
Corollary 5.1. Proposdion 5.1
(22) $\mathcal{E}(\rho, d, k)=\{f\in D(\rho, d, k)|\max_{s\in K}|\log L_{\nu}(s, f)-\log L_{\rho}(s, f)|\leq c\rho^{\frac{1}{2}-\sigma_{1}}\}$
$k$
(23) $\frac{\#\mathcal{E}(\rho,d,k)}{\#\mathcal{F}_{k}}\geq\frac{1}{2}\int_{B}dm.(\vec{x})$.
$L(s, f)$ Lemma $5.1_{\text{ }}\#\mathcal{F}_{k\wedge}\vee k$
Proposition 52. $\epsilon(0<\epsilon<1)$ $\nu>\nu_{0}(\epsilon),$ $k>k_{0}(\epsilon, \nu)$
(24) $\sum_{f\in F_{k}}\int_{U}|L(s, f)-L_{\nu}(s, f)|d\sigma dt<<\# F_{k}\cdot\epsilon^{2}$ .
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Corollax $\mathrm{y}5.2$ . $\epsilon(0<\epsilon<1)$
(25) $A= \{f\in \mathcal{F}_{k}|\max_{s\in K}|L(s, f)-L_{\nu}(s, f)|\leq c\epsilon\}$
$\nu>\nu_{0}(\epsilon),$ $k>k_{0}(\epsilon, \nu)$ $\# A\geq(1-\epsilon)\# F_{k}$ .
6.
Section Theorem 2.1(1)








$|L_{\rho}(s, f)-L_{\rho}(s,\hat{\theta})|<\epsilon_{1}$ if $|\theta(p)-\lambda f(p)|<\delta$
CoroUary 5.1 $d=\delta$ $f\in \mathcal{E}$
$\frac{L_{\nu}(s,f)}{L_{\rho}(s,f)}=1+O(\log L_{\nu}(s, f)-\log L_{\rho}(s, f))$
$\max_{\epsilon\in K}|L_{\rho}(s, f)|\leq 2\epsilon_{1}+\max_{\epsilon\in K}|h(s)|$ (by (26) (27))
$k$
$, \max_{\in K}|L_{\nu}(s, f)-L_{\rho}(s, f)|\ll c_{h}\rho^{\frac{1}{2}-\sigma}$ $(c_{h}:=1+ \max_{\epsilon\in K}|h(s)|)$
$f\in \mathcal{E}$ $\#\mathcal{E}\geq\frac{1}{2}\#\mathcal{F}_{k}\int_{B}dm(\overline{x})$ Corollary 52
$\epsilon=\frac{1}{3}\int_{B}dm(\vec{x})$ $\# A/\# F_{k}\geq 1-\frac{1}{3}\int_{B}dm(\tilde{x})$ $f\in A$
$\max_{\epsilon\in K}|L(s, f)-L_{\nu}(s, f)|\ll\frac{1}{3}\int_{B}dm(\vec{x})$
(28) $\max_{\epsilon\in K}|L(s, f)-L_{\rho}(s, f)|\ll c_{h}\rho^{\frac{1}{2}-\sigma}+\frac{1}{3}\int_{B}dm(\overline{x})$
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